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MEAN CURVATURE FLOW OF ARBITRARY CODIMENSION IN
COMPLEX PROJECTIVE SPACES
LI LEI AND HONGWEI XU
Abstract. In this paper, we investigate the mean curvature flow of subman-
ifolds of arbitrary codimension in CPm. We prove that if the initial submani-
fold satisfies a pinching condition, then the mean curvature flow converges to
a round point in finite time, or converges to a totally geodesic submanifold
as t → ∞. Consequently, we obtain a new differentiable sphere theorem for
submanifolds in CPm. Our work improves the convergence theorem for mean
curvature flow due to Pipoli and Sinestrari [27].
1. Introduction
Let F0 :M
n → Nn+q be an n-dimensional submanifold in the (n+q)-dimensional
Riemannian manifold N . The mean curvature flow with initial value F0 is a smooth
family of immersions F :M × [0, T )→ Nn+q satisfying
(1.1)
{
∂
∂tF (x, t) = H(x, t),
F (·, 0) = F0,
where H(x, t) is the mean curvature vector of the submanifold Mt = Ft(M), Ft =
F (·, t).
In 1984, Huisken [14] proved that uniformly convex hypersurfaces in Euclidean
space will converge to a round point along the mean curvature flow. Afterwards,
Huisken obtained convergence results for mean curvature flow of convex hypersur-
faces in Riemannian manifolds [15] and pinched hypersurfaces in spheres [16]. In [1],
Andrews constructed a fully nonlinear parabolic flow of surfaces in the three-sphere,
and proved an optimal convergence result for this flow.
For higher codimensional submanifolds, Andrews and Baker [2] proved an op-
timal convergence theorem for the mean curvature flow and an optimal differen-
tiable sphere theorem for submanifolds in Rn+q. Meanwhile, by using the Ricci
flow [4, 5, 6, 12], Xu and Gu [37] proved a general differentiable sphere theo-
rem for submanifolds in space forms independently. Afterwards, Baker [3] and
Liu-Xu-Ye-Zhao [22] proved a sharp convergence theorem for the mean curva-
ture flow of submanifolds in the space form Fn+q(c) with c 6= 0. Later, Liu,
Xu and Zhao [23] obtained a convergence result for mean curvature flow of ar-
bitrary codimension in Riemannian manifolds. Recently, inspired by the rigidity
theory of submanifolds [30, 34, 35, 36, 40], and by developing new techniques, Lei
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and Xu [17, 18, 19] verified an optimal convergence theorem for the mean cur-
vature flow of submanifolds in hyperbolic spaces and a new convergence theorem
for the mean curvature flow of submanifolds in spheres, which improve the con-
vergence theorems due to Baker [3], Huisken [16] and Liu-Xu-Ye-Zhao [22]. For
more results on rigidity, sphere and convergence theorems, we refer the readers to
[8, 9, 10, 11, 20, 21, 24, 25, 26, 29, 31, 32, 33, 38, 39, 40, 41].
More recently, Pipoli and Sinestrari [27] obtain the following convergence theo-
rem for mean curvature flow of small codimension in the complex projective space.
Theorem A. Let F0 : M
n → CPn+q2 be a closed submanifold of dimension n and
codimension q in the complex projective space with Fubini-Study metric. Suppose
either n > 5 and q = 1, or and 2 6 q < n−34 . Let F :M
n × [0, T )→ CPn+q2 be the
mean curvature flow with initial value F0. If F0 satisfies
|h|2 <
{ 1
n−1 |H |2 + 2, q = 1,
1
n−1 |H |2 + n−3−4qn , q > 2,
then Ft converges to a round point in finite time, or converges to a totally geodesic
submanifold as t→∞. In particular, M is diffeomorphic to either Sn or CPn/2.
In this paper, we investigate the mean curvature flow of arbitrary codimensional
submanifolds in the complex projective space, and prove the following theorem.
Theorem 1.1. Let F0 : M
n → CPn+q2 be an n-dimensional closed submanifold in
CP
n+q
2 . Suppose that the dimension and codimension satisfy either (i) q = 1 and
n > 3, (ii) 2 6 q < n− 4, or (iii) q > n− 4 > 2. Let F :Mn × [0, T )→ CPn+q2 be
the mean curvature flow with initial value F0. If F0 satisfies
|h|2 <


ϕ(|H |2), q = 1,
1
n−1 |H |2 + 2− 3n , 2 6 q < n− 4,
ψ(|H |2), q > n− 4,
then Ft converges to a round point in finite time, or converges to a totally geodesic
submanifold as t→∞. In particular, M is diffeomorphic to Sn or CPn/2.
Here the functions ϕ and ψ are defined as (3.2) and (3.13), and ϕ(|H |2) and
ψ(|H |2) are given by
ϕ(|H |2) = 2 + an +
(
bn +
1
n−1
)
|H |2 −
√
b2n|H |4 + 2anbn|H |2,
ψ(|H |2) = 9
n2 − 3n− 3 +
n2 − 3n
n3 − 4n2 + 3 |H |
2 − 3
√
|H|4+ 2n (n−1)(n2−3)|H|2+9(n−1)2
n3−4n2+3 ,
where an = 2
√
(n2 − 4n+ 3)bn, bn = min
{
n−3
4n−4 ,
2n−5
n2+n−2
}
.
Remark 1. By a computation, if n > 3, we have ϕ(x) > xn−1 + 2 for x > 0.
Furthermore, if n > 3, we have ϕ(x) >
√
2(n− 3) for x > 0. Therefore, Theorem
1.1 substantially improves Theorem A.
The function ψ satisfies ψ(x) > xn for x > 0, and the the equality holds if and
only if x = 0. In addition, we have limx→+∞ ψ(x)/x = 1n−1 .
Since ψ(0) = 0, the pinching condition |h|2 < ψ(|H |2) implies that the submani-
fold has nonzero mean curvature. Thus, if q > n−4, it doesn’t occur that the mean
curvature flow in Theorem 1.1 converges to a totally geodesic submanifold. When
q > n− 4 > 2, we obtain a refined result under the weakly pinching condition.
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Theorem 1.2. Let F0 :M
n → CPn+q2 be a closed submanifold of dimension n and
codimension q in CP
n+q
2 , where q > n − 4 > 2. Let F : Mn × [0, T ) → CPn+q2 be
the mean curvature flow with initial value F0. If F0 satisfies
|h|2 6 ψ(|H |2),
then one of the following holds:
(i) Ft is congruent to the totally geodesic RP
n or CPn/2 for each t ∈ [0,+∞);
(ii) Ft converges to a round point in finite time. In particular, M is diffeomorphic
to Sn.
2. Notations and formulas
Let CPm be the m-dimensional complex projective space with the Fubini-Study
metric gFS. Let J be its complex structure. We denote by ∇¯ the Levi-Civita
connection of (CPm, gFS). Since the Fubini-Study metric is a Ka¨hler metric, we
have ∇¯J = 0. The curvature tensor R¯ of CPm can be written as
R¯(X,Y, Z,W ) = 〈X,Z〉〈Y,W 〉 − 〈X,W 〉〈Y, Z〉
+〈X, JZ〉〈Y, JW 〉 − 〈X, JW 〉〈Y, JZ〉(2.1)
+2〈X, JY 〉〈Z, JW 〉.
Let (Mn, g) be a real n-dimensional Riemannian submanifold immersed in (CPm, gFS).
Let q be its codimension, i.e., n+ q = 2m. At a point p ∈ M , let TpM and NpM
be the tangent space and normal space, respectively. For a vector in TpM ⊕NpM ,
we denote by (·)T and (·)N its projections onto TpM and NpM , respectively. We
use the same symbol ∇ to represent the connections of tangent bundle TM and
normal bundle NM . Denote by Γ(E) the spaces of smooth sections of a vector
bundles E. For X,Y ∈ Γ(TM), ξ ∈ Γ(NM), the connections ∇ are given by
∇XY = (∇¯XY )T and ∇Xξ = (∇¯Xξ)N . The second fundamental form of M is
defined as h(X,Y ) = (∇¯XY )N .
Throughout this paper, we shall make the following convention on indices:
1 6 A,B,C, · · · 6 n+ q, 1 6 i, j, k, · · · 6 n, n+ 1 6 α, β, γ, · · · 6 n+ q.
We choose a local orthonormal frame {ei} for the tangent bundle and a local or-
thonormal frame {eα} for the normal bundle. With the local frame, the compo-
nents of h are given by hαij = 〈h(ei, ej), eα〉. The mean curvature vector is defined
as H =
∑
αH
αeα, where H
α =
∑
i h
α
ii. Let h˚ = h − 1nH ⊗ g be the trace-
less second fundamental form. We have the relations |˚h|2 = |h|2 − 1n |H |2 and∣∣∣∇h˚∣∣∣2 = |∇h|2 − 1n |∇H |2.
We denote by (JAB) the matrix of J with respect to the frame {eA}, i.e.,
JAB = 〈eA, JeB〉.
This matrix satisfies JAB = −JBA and
∑
B JABJBC = −δAC .
At each point p ∈M , we define a tensor P : NpM → TpM by
Pξ = (Jξ)T for ξ ∈ NpM.
Then we have
|P |2 =
∑
α
|Peα|2 6
∑
α
|eα|2 = q,
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and
|P |2 =
∑
α,i
(Jiα)
2 =
∑
A,i
(JiA)
2 −
∑
i,j
(Jij)
2 = n−
∑
i,j
(Jij)
2.
We have the following estimates for the gradient of the second fundamental form.
Lemma 2.1. For an n-dimensional submanifold in CP
n+q
2 , we have
|∇h|2 >


3
n+2 |∇H |2 + 2(n− 1), q = 1,
3
n+8 |∇H |2 + 2(n− q)|P |2, 2 6 q < n,
3
n+8 |∇H |2, q > n.
Proof. Let S be the symmetric part of ∇h, i.e., Sαijk = 13 (∇ihαjk +∇jhαik +∇khαij).
Using the same argument as in the proof of Lemma 2.2 in [14], we have
(2.2) |S|2 > 3
n+ 2
∑
α,i
(∑
k
Sαikk
)2
.
By the Codazzi equation, we have
∑
k S
α
ikk = ∇iHα+2
∑
k JαkJki. Then we obtain
(2.3)
∑
i
(∑
k
Sikk
)2
= |∇H |2 + 4
∑
α,k
∇iHαJαkJki + 4
∑
α,i
(∑
k
JαkJki
)2
.
Using the Codazzi equation again, we get
|S|2 = 1
3
|∇h|2 + 2
3
∑
α,i,j,k
∇khαij∇jhαik
=
1
3
|∇h|2 + 2
3
∑
α,i,j,k
∇khαij(∇khαij + R¯αijk)
= |∇h|2 + 2
3
∑
α,i,j,k
∇khαijR¯αijk
= |∇h|2 + 2
3
∑
α,i,j,k
(∇ihαjk + R¯αjki)R¯αijk(2.4)
= |∇h|2 + 2
3
∑
α,i,j,k
R¯αjkiR¯αijk
= |∇h|2 − 2
∑
α,i,j,k
[JαjJjiJαkJki + (Jαi)
2(Jjk)
2]
= |∇h|2 − 2
∑
α,i
(∑
k
JαkJki
)2
− 2|P |2(n− |P |2).
From (2.2),(2.3) and (2.4), we obtain
|∇h|2 > 1
n+ 2

3|∇H |2 + 12∑
α,i,k
∇iHαJαkJki + 2(n+ 8)
∑
α,i
(∑
k
JαkJki
)2
+2|P |2(n− |P |2).(2.5)
If q = 1, we have
∑
k JαkJki = 0 and |P |2 = 1. Thus (2.5) becomes
|∇h|2 > 3
n+ 2
|∇H |2 + 2(n− 1).
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If q > 2, from (2.5) we get
|∇h|2 > 2
n+ 2
∑
α,i
(
3
√
1
n+ 8
∇iHα +
√
n+ 8
∑
k
JαkJki
)2
+
3
n+ 8
|∇H |2 + 2|P |2(n− |P |2).

Let F : Mn × [0, T ) → CPm be a mean curvature flow in a complex projective
space. For a fixed t, letting Ft = F (·, t), then Ft : Mn → CPm is a Riemannian
submanifold in CPm. We denote byMt the submanifold at time t. Following [2, 27],
we have the evolution equations below.
∂
∂t
|h|2 = ∆|h|2 − 2|∇h|2
+2
∑
α,β

∑
i,j
hαijh
β
ij


2
+ 2
∑
i,j,α,β
(∑
k
(hαikh
β
jk − hβikhαjk)
)2
+2
∑
α,β,i,j,k
hαijh
β
ijR¯αkβk + 8
∑
α,β,i,j,k
h˚αikh˚
β
jkR¯αβij
+4
∑
α,i,j,k,l
(hαikh
α
jlR¯ijkl − hαikhαjkR¯iljl),
∂
∂t
|H |2 = ∆|H |2 − 2|∇H |2 + 2
∑
i,j
(∑
α
Hαhαij
)2
+ 2
∑
α,β,k
HαHβR¯αkβk.
From (2.1), these evolution equations can be written as
Lemma 2.2. For mean curvature flow F :Mn × [0, T )→ CPm, we have
(i) ∂∂t |h|2 = ∆|h|2 − 2|∇h|2 − 2n|h|2 + 4|H |2 + 2R1 + 2S1,
(ii) ∂∂t |H |2 = ∆|H |2 − 2|∇H |2 + 2n|H |2 + 2R2 + 6S2,
where
R1 =
∑
α,β

∑
i,j
hαijh
β
ij


2
+
∑
i,j,α,β
(∑
k
(hαikh
β
jk − hβikhαjk)
)2
,
R2 =
∑
i,j
(∑
α
Hαhαij
)2
,
S1 = 3
∑
i,j,k
(∑
α
hαijJkα
)2
+ 4
∑
α,β,i,j,k
h˚αikh˚
β
jk(JiαJjβ − JiβJjα)
+6
∑
α,i,j,k,l
(˚
hαij h˚
α
klJilJjk − h˚αikh˚αjkJilJjl
)
+ 8
∑
α,β,i,j,k
h˚αikh˚
β
jkJαβJij ,
S2 =
∑
k
(∑
α
HαJkα
)2
.
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To do computations involving JAB, we present the following well-known property
of the skew-symmetric matrix.
Proposition 2.3. Let A be a real skew-symmetric matrix. Then there exists an
orthogonal matrix C, such that C−1AC takes the following form
(2.6)


0 λ1
−λ1 0
0 λ3
−λ3 0
0 λ5
−λ5 0
. . .
. . .


.
We use a notation
i˜ =
{
i+ 1, i is odd,
i− 1, i is even .
If a matrix (aij) takes the form of (2.6), then aij = 0 for all j 6= i˜.
3. Preservation of curvature pinching
3.1. The case of q = 1.
For the mean curvature flow of hypersurfaces in CPm, the evolution equation
equations in Lemma 2.2 become
∂
∂t
|˚h|2 = ∆|˚h|2 − 2
∣∣∣∇h˚∣∣∣2 − 2n|˚h|2 + 2|˚h|2|h|2 + 6|˚h|2
+12
∑
i,j,k,l
(˚
hij h˚klJilJjk − h˚ikh˚jkJilJjl
)
,
∂
∂t
|H |2 = ∆|H |2 − 2|∇H |2 + 2n|H |2 + 2|H |2|h|2 + 6|H |2.
We choose a orthonormal frame {ei} such that the matrix (Jij) takes the form of
(2.6). Thus ∑
i,j,k,l
(˚
hij h˚klJilJjk − h˚ikh˚jkJilJjl
)
=
∑
i,k
(
−h˚ik˜h˚ki˜Ji˜iJkk˜ −
(˚
hα
i˜k
Ji˜i
)2)
= −1
2
∑
i,k,α
(˚
hik˜Jkk˜ + h˚
α
i˜k
Ji˜i
)2
6 0.
So, we get
(3.1)
∂
∂t
|˚h|2 6 ∆|˚h|2 − 2
∣∣∣∇h˚∣∣∣2 + 2|˚h|2(|h|2 − n+ 3).
For a real number ε ∈ [0, 1], we define a function ϕε : [0,+∞)→ R by
(3.2) ϕε(x) := dε + cεx−
√
b2x2 + 2abx+ e,
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where a = 2
√
(n2 − 4n+ 3)b, b = min
{
n−3
4n−4 ,
2n−5
n2+n−2
}
, cε = b +
1
n−1+ε , dε = 2 −
2ε+ a, e =
√
ε. We define ϕ = ϕ0.
Let ϕ˚ε(x) = ϕε(x) − xn . The following lemma will be proven in the Appendix.
Lemma 3.1. For sufficiently small ε, the function ϕ˚ε satisfies
(i) 2xϕ˚′′ε (x) + ϕ˚
′
ε(x) <
2(n−1)
n(n+2) ,
(ii) ϕ˚ε(x)(ϕε(x) − n+ 3)− xϕ˚′ε(x)(ϕε(x) + n+ 3) < 2(n− 1),
(iii) ϕ˚ε(x) − xϕ˚′ε(x) > 1.
Suppose that M0 is an n-dimensional closed hypersurface in CP
n+1
2 satisfying
|h|2 < ϕ(|H |2). Let F :Mn× [0, T )→ CPn+12 be a mean curvature flow with initial
valueM0. We will show that the pinching condition is preserved along the flow. For
convenience, we denote ϕ˚ε(|H |2), ϕ˚′ε(|H |2), ϕ˚′′ε (|H |2) by ϕ˚ε, ϕ˚′ε, ϕ˚′′ε , respectively.
Theorem 3.2. If the initial value M0 satisfies |h|2 < ϕ(|H |2), then there exists
a small positive number ε, such that for all t ∈ [0, T ), we have |h|2 < ϕε(|H |2) −
ε|H |2 − ε.
Proof. Since M0 is compact, there exists a small positive number ε, such that M0
satisfies |˚h|2 < ϕ˚ε.
From Lemma 3.1 (i), we have(
∂
∂t
−∆
)
ϕ˚ε = −2
(
ϕ˚′ε + 2ϕ˚
′′
ε · |H |2
) |∇H |2 + 2ϕ˚′ε · |H |2(|h|2 + n+ 3)
> − 4(n− 1)
n(n+ 2)
|∇H |2 + 2ϕ˚′ε · |H |2(|h|2 + n+ 3).(3.3)
Let U = |˚h|2 − ϕ˚ε. We obtain
1
2
(
∂
∂t
−∆
)
U 6 −
∣∣∣∇h˚∣∣∣2 + 2(n− 1)
n(n+ 2)
|∇H |2
+|˚h|2(|h|2 − n+ 3)− ϕ˚′ε · |H |2(|h|2 + n+ 3).
By Lemma 2.1, we have
−
∣∣∣∇h˚∣∣∣2 + 2(n− 1)
n(n+ 2)
|∇H |2 6 −2(n− 1).
Thus, at the points where U = 0, we get
1
2
(
∂
∂t
−∆
)
U 6 −2(n− 1) + ϕ˚ε(ϕε − n+ 3)− ϕ˚′ε · |H |2(ϕε + n+ 3) < 0.
Applying the maximum principle, we obtain U < 0 for all t ∈ [0, T ).
By choosing a suitable small ε, we complete the proof of Theorem 3.2. 
Let fσ = |˚h|2/ϕ˚1−σε , where σ ∈ (0, 1) is a positive constant. Then we have
Lemma 3.3. If M0 satisfies |h|2 < ϕ(|H |2), then there exists a small positive
number ε, such that the following inequality holds along the mean curvature flow.
∂
∂t
fσ 6 ∆fσ +
2
ϕ˚ε
|∇fσ| |∇ϕ˚ε| − 2εfσ
n|˚h|2
∣∣∣∇h˚∣∣∣2 + 2σ|h|2fσ − ε
n
fσ.
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Proof. By a straightforward calculation, we have(
∂
∂t
−∆
)
fσ = fσ
[
1
|˚h|2
(
∂
∂t
−∆
)
|˚h|2 − 1− σ
ϕ˚ε
(
∂
∂t
−∆
)
ϕ˚ε
]
+2(1− σ) 〈∇fσ,∇ϕ˚ε〉
ϕ˚ε
− σ(1− σ)fσ |∇ϕ˚ε|
2
|ϕ˚ε|2
.
Using (3.1) and (3.3), we have
(
∂
∂t
−∆
)
fσ 6 2fσ

−
∣∣∣∇h˚∣∣∣2
|˚h|2 +
2(n− 1)
n(n+ 2)
|∇H |2
ϕ˚ε


+2fσ
[
|h|2 − n+ 3− (1 − σ) ϕ˚
′
ε · |H |2
ϕ˚ε
(|h|2 + n+ 3)
]
+
2
ϕ˚
|∇fσ| |∇ϕ˚| .
From Lemma 2.1 and Theorem 3.2, we have
−
∣∣∣∇h˚∣∣∣2
|˚h|2 +
2(n− 1)
n(n+ 2)
|∇H |2
ϕ˚ε
6 −
∣∣∣∇h˚∣∣∣2
|˚h|2 +
∣∣∣∇h˚∣∣∣2 − 2(n− 1)
ϕ˚ε
6
|˚h|2 − ϕ˚ε
|˚h|2ϕ˚ε
∣∣∣∇h˚∣∣∣2 − 2(n− 1)
ϕ˚ε
6 −ε |H |
2 + 1
|˚h|2ϕ˚ε
∣∣∣∇h˚∣∣∣2 − 2(n− 1)
ϕ˚ε
6 − ε
n|˚h|2
∣∣∣∇h˚∣∣∣2 − 2(n− 1)
ϕ˚ε
.
From Lemma 3.1 (ii) and (iii), we have
|h|2 − n+ 3− (1 − σ) ϕ˚
′
ε · |H |2
ϕ˚ε
(|h|2 + n+ 3)
=
1− σ
ϕ˚ε
[(
ϕ˚ε − ϕ˚′ε · |H |2
) |h|2 − ϕ˚′ε · |H |2(n+ 3)]− n+ 3 + σ|h|2
6
1− σ
ϕ˚ε
[(
ϕ˚ε − ϕ˚′ε · |H |2
)
(ϕε − ε|H |2 − ε)− ϕ˚′ε · |H |2(n+ 3)
]− n+ 3 + σ|h|2
=
1− σ
ϕ˚ε
[(
ϕ˚ε − ϕ˚′ε · |H |2
)
ϕε − ϕ˚′ε · |H |2(n+ 3)
]− n+ 3 + σ|h|2
− (1− σ)ε
ϕ˚ε
(
ϕ˚ε − ϕ˚′ε · |H |2
)
(|H |2 + 1)
6 (1− σ)
[
n− 3 + 2(n− 1)
ϕ˚ε
]
− n+ 3 + σ|h|2 − (1− σ)ε
ϕ˚ε
(|H |2 + 1)
6 σ|h|2 + 2(n− 1)
ϕ˚ε
− ε
2n
.
This completes the proof of the lemma. 
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3.2. The case of 2 6 q < n− 4.
At a fixed point p ∈M , we always choose the orthonormal frame {eα} for NpM
such that H = |H |en+1. For fixed α, let
∣∣∣˚hα∣∣∣2 = ∑i,j (˚hαij)2. Set ρ1 = ∣∣∣˚hn+1∣∣∣2,
ρ2 =
∑
α>n+1
∣∣∣˚hα∣∣∣2, θ1 = |Pen+1|2 and θ2 = ∑α>n+1 |Peα|2. Notice that θ1 6 1
and θ2 6 q − 1.
Lemma 3.4.
(i) R1 6 |h|4 − 2nρ2|H |2 + 2ρ1ρ2 + 12ρ22,
(ii) R2 = |H |2(|h|2 − ρ2),
(iii) S1 6
3
nS2 + 3|˚h|2 + 8
√
θ2ρ1ρ2 + 4θ2ρ2.
Proof. The estimates of R1 and R2 are similar to that in [2]. We choose an or-
thonormal frame {ei} for the tangent space, such that h˚n+1ij = λ˚iδij . Then we
have
R1 = ρ
2
1 +
2
n
ρ1|H |2 + 1
n2
|H |4
+2
∑
α>n+1
(∑
i
λ˚i˚h
α
ii
)2
+ 2
∑
α > n + 1
i 6= j
((˚
λi − λ˚j
)
h˚αij
)2
(3.4)
+
∑
α,β>n+1

∑
i,j
h˚αij h˚
β
ij


2
+
∑
α, β > n+ 1
i, j
(∑
k
(˚
hαikh˚
β
jk − h˚αjkh˚βik
))2
.
Using the Cauchy-Schwarz inequality, we get(∑
i
λ˚i˚h
α
ii
)2
+
∑
i6=j
((
λ˚i − λ˚j
)
h˚αij
)2
6 ρ1
∑
i
(˚
hαii
)2
+ 2
∑
i6=j
(˚
λ2i + λ˚
2
j
) (˚
hαij
)2
6 ρ1
∑
i
(˚
hαii
)2
+ 2ρ1
∑
i6=j
(˚
hαij
)2
6 2ρ1
∣∣∣˚hα∣∣∣2 .
It follows from Theorem 1 of [20] that
∑
α,β>n+1

∑
i,j
h˚αij h˚
β
ij


2
+
∑
α, β > n+ 1
i, j
(∑
k
(˚
hαikh˚
β
jk − h˚αjkh˚βik
))2
6
3
2
ρ22.
Thus we obtain
R1 6 ρ
2
1 +
2
n
ρ1|H |2 + 1
n2
|H |4 + 4ρ1ρ2 + 3
2
ρ22
= |h|4 − 2
n
ρ2|H |2 + 2ρ1ρ2 + 1
2
ρ22.
R2 can be written as
(3.5) R2 =
∑
i,j
(|H |hn+1ij )2 = |H |2(|h|2 − ρ2).
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Next, we have
1
n
∑
k
(∑
α
HαJkα
)2
+
∑
i,j,k
(∑
α
h˚αijJkα
)2
=
S2
n
+
∑
i,j
∣∣∣P h˚(ei, ej)∣∣∣2(3.6)
=
S2
n
+
∣∣∣P h˚∣∣∣2 .
Choose an orthonormal frame {ei} such that the matrix (Jij) takes the form of
(2.6). Thus
6
∑
α,i,j,k,l
(hαijh
α
klJilJjk − hαikhαjkJilJjl) + 8
∑
α,β,i,j,k
hαikh
β
jkJαβJij
= 6
∑
i,k,α
(
−h˚α
ik˜
h˚α
ki˜
Ji˜iJkk˜ −
(˚
hα
i˜k
Ji˜i
)2)
+ 8
∑
i,k,α,β
h˚αikh˚
β
i˜k
JαβJi˜i
= −3
∑
i,k,α
(˚
hα
ik˜
Jkk˜ + h˚
α
i˜k
Ji˜i
)2
− 4
∑
i,k,α

(˚hα
ik˜
Jkk˜ + h˚
α
i˜k
Ji˜i
)∑
β
h˚βikJαβ


6
4
3
∑
i,k,α

∑
β
h˚βikJαβ


2
(3.7)
=
4
3
∑
i,k
∣∣∣∣(Jh˚(ei, ek))N
∣∣∣∣
2
=
4
3
∑
i,k
(∣∣∣Jh˚(ei, ek)∣∣∣2 − ∣∣∣P h˚(ei, ek)∣∣∣2
)
=
4
3
(
|˚h|2 −
∣∣∣P h˚∣∣∣2) .
For fixed α, β, we choose an orthonormal frame {ei}, such that the n×n matrix
(JiαJjβ − JjαJiβ) takes the form of (2.6). Thus we get∑
i,j,k
h˚αikh˚
β
jk(JiαJjβ − JjαJiβ)
=
∑
i,k
h˚αikh˚
β
i˜k
(JiαJi˜β − Ji˜αJiβ)
6
∑
i,k
∣∣∣˚hαikh˚βi˜k
∣∣∣√(Jiα)2 + (Ji˜α)2√(Jiβ)2 + (Ji˜β)2
6
∑
i,k
∣∣∣˚hαikh˚βi˜k
∣∣∣ |Peα||Peβ|
6
√∑
i,k
(˚
hαik
)2√∑
i,k
(˚
hβ
i˜k
)2
|Peα||Peβ|
=
∣∣∣˚hα∣∣∣ ∣∣∣˚hβ∣∣∣ |Peα||Peβ |.
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Then ∑
α,β,i,j,k
h˚αikh˚
β
jk(JiαJjβ − JjαJiβ)
6
∑
α6=β
|Peα||Peβ |
∣∣∣˚hα∣∣∣ ∣∣∣˚hβ∣∣∣
= 2|Pen+1|
∣∣∣˚hn+1∣∣∣ ∑
α>n+1
|Peα|
∣∣∣˚hα∣∣∣+ ∑
α, β > n+ 1
α 6= β
|Peα||Peβ |
∣∣∣˚hα∣∣∣ ∣∣∣˚hβ∣∣∣
6 2
√
ρ1
∑
α>n+1
|Peα|
∣∣∣˚hα∣∣∣+
( ∑
α>n+1
|Peα|
∣∣∣˚hα∣∣∣
)2
.
Using the Cauchy inequality, we have( ∑
α>n+1
|Peα|
∣∣∣˚hα∣∣∣
)2
6
( ∑
α>n+1
|Peα|2
)( ∑
α>n+1
∣∣∣˚hα∣∣∣2
)
= θ2ρ2.
So ∑
α,β,i,j,k
h˚αikh˚
β
jk(JiαJjβ − JjαJiβ) 6 2
√
θ2ρ1ρ2 + θ2ρ2.
Thus we obtain S1 6
3
nS2 + 3|˚h|2 + 8
√
θ2ρ1ρ2 + 4θ2ρ2. 
Let F : M × [0, T ) → CPn+q2 be a mean curvature flow with 2 6 q 6 n − 6.
Suppose that the initial submanifold M0 satisfies the pinching condition |˚h|2 <
k|H |2 + l, where k = 1n(n−1) , l = 2 − 3n . Since M0 is compact, there exists a small
positive number ε, such that M0 satisfies |˚h|2 < (k|H |2 + l)(1− ε).
Now we prove that the pinching condition is preserved.
Theorem 3.5. If M0 satisfies |˚h|2 < (k|H |2 + l)(1 − ε), then this condition holds
for all time t ∈ [0, T ).
Proof. Let kε = k(1 − ε), lε = l(1 − ε). We set U = |˚h|2 − kε|H |2 − lε. From the
evolution equations we have
1
2
(
∂
∂t
−∆
)
U = kε|∇H |2 −
∣∣∣∇h˚∣∣∣2 − n(|˚h|2 + kε|H |2)
+R1 −
(
kε +
1
n
)
R2 + S1 − 3
(
kε +
1
n
)
S2.
Now we show that
(
∂
∂t −∆
)
U is negative at all points where |˚h|2 = kε|H |2 + lε.
From Lemma 3.4, if |˚h|2 = kε|H |2 + lε, we get the following estimates.
R1 −
(
kε +
1
n
)
R2 6
(
|˚h|2 − kε|H |2
)
|h|2 − ( 1n − kε) |H |2ρ2 + 2ρ1ρ2 + 12ρ22
6 lε|h|2 − (n− 2)kε|H |2ρ2 + 2ρ1ρ2 + 1
2
ρ22
=
(
kε +
1
n
)
lε|H |2 + l2ε − (n− 2)(ρ1 + ρ2 − lε)ρ2 + 2ρ1ρ2 +
1
2
ρ22
=
(
kε +
1
n
)
lε|H |2 + l2ε + (n− 2)lερ2 − (n− 4)ρ1ρ2 −
(
n− 5
2
)
ρ22,
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and
S1−3
(
kε +
1
n
)
S2 6 3|˚h|2+8
√
θ2ρ1ρ2+4θ2ρ2 6 3kε|H |2+3lε+8
√
θ2ρ1ρ2+4θ2ρ2.
Thus, at a point where U = 0, we get
1
2
(
∂
∂t
−∆
)
U 6 kε|∇H |2 −
∣∣∣∇h˚∣∣∣2 − n(2kε|H |2 + lε)
+
(
kε +
1
n
)
lε|H |2 + l2ε + (n− 2)lερ2 − (n− 4)ρ1ρ2 −
(
n− 5
2
)
ρ22
+3kε|H |2 + 3lε + 8
√
θ2ρ1ρ2 + 4θ2ρ2(3.8)
= kε|∇H |2 −
∣∣∣∇h˚∣∣∣2 + [(3− 2n)kε + (kε + 1n) lε] |H |2
+(3− n+ lε)lε + (n− 2)lερ2 −
(
n− 5
2
)
ρ22
−(n− 4)ρ1ρ2 + 8
√
θ2ρ1ρ2 + 4θ2ρ2.
By the definition of kε, lε, we have
(3− 2n)kε +
(
kε +
1
n
)
lε 6 0.
On the other hand, we have
(3.9) − (n− 4)ρ1ρ2 + 8
√
θ2ρ1ρ2 6
16θ2
n− 4
and
(3.10) (3− n+ lε)lε + (n− 2)lερ2 6 (n− 2)
2lε
4(n− 3− lε)ρ
2
2 6
(n− 2)2l
4(n− 3− l)ρ
2
2.
Hence, the RHS of (3.8) is not greater than
kε|∇H |2 −
∣∣∣∇h˚∣∣∣2 + [ (n− 2)2l
4(n− 3− l) −
(
n− 5
2
)]
ρ22 + 4θ2ρ2 +
16θ2
n− 4 .
Since n > q + 6 > 8, we have (n−2)
2l
4(n−3−l) −
(
n− 52
)
< 0. Then we get[
(n− 2)2l
4(n− 3− l) −
(
n− 5
2
)]
ρ22 + 4θ2ρ2 +
16θ2
n− 4
6
4
n− 52 − (n−2)
2l
4(n−3−l)
θ22 +
16θ2
n− 4
6

 4(q − 1)
n− 52 − (n−2)
2l
4(n−3−l)
+
16
n− 4

 θ2(3.11)
6

 4(n− 7)
n− 52 − (n−2)
2l
4(n−3−l)
+
16
n− 4

 θ2
= 8
[
1− −60 + 76n− 16n
2 + n3
(n− 4)(−18 + 42n− 19n2 + 2n3)
]
θ2 6 8θ2.
By Lemma 2.1, we get
kε|∇H |2 −
∣∣∣∇h˚∣∣∣2 + 8θ2 6 0.
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Therefore, the RHS of (3.8) is nonpositive for small ε. Then the assertion follows
from the maximum principle. 
Let fσ = |˚h|2/(k|H |2 + l)1−σ, where σ ∈ (0, 1) is a positive constant. Then we
have
Lemma 3.6. If M0 satisfies |˚h|2 < (k|H |2+ l)(1− ε), then the following inequality
holds along the mean curvature flow.
∂
∂t
fσ 6 ∆fσ +
2k|∇fσ||∇|H |2|
k|H |2 + l −
2fσ
3|˚h|2
∣∣∣∇h˚∣∣∣2 + 2σfσ(|h|2 + n)− 2εlfσ.
Proof. By a direct calculation, we have
(
∂
∂t
−∆
)
fσ = fσ
[
1
|˚h|2
(
∂
∂t
−∆
)
|˚h|2 − 1− σ|H |2 + l/k
(
∂
∂t
−∆
)
|H |2
]
+2(1− σ) 〈∇fσ ,∇|H |
2〉
|H |2 + l/k − σ(1− σ)fσ
|∇|H |2|2
|H |2 + l/k .
Now we estimate (∂t − ∆)|˚h|2 and (∂t − ∆)|H |2. From (3.9), (3.11) and Lemma
3.4, we get
(
∂
∂t
−∆
)
|˚h|2 6 −2
∣∣∣∇h˚∣∣∣2 + 2|˚h|2(|h|2 − n+ 3)− 2
n
ρ2|H |2
+4ρ1ρ2 + ρ
2
2 + 16
√
θ2ρ1ρ2 + 8θ2ρ2
6 −2
∣∣∣∇h˚∣∣∣2 + 2|˚h|2(|h|2 − n+ 3)− 2
n
ρ2|H |2
+2(n− 2)ρ1ρ2 + ρ22 +
32θ2
n− 4 + 8θ2ρ2(3.12)
= −2
∣∣∣∇h˚∣∣∣2 + 2|˚h|2(|h|2 − n+ 3 + (n− 2)ρ2)− 2
n
ρ2|H |2
+(5− 2n)ρ22 +
32θ2
n− 4 + 8θ2ρ2
6 −2
∣∣∣∇h˚∣∣∣2 + 2|˚h|2(|h|2 − n+ 3 + (n− 2)ρ2)− 2
n
ρ2|H |2
+16θ2 − (n− 2)
2l
2(n− 3− l)ρ
2
2.
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We also have
− 1− σ|H |2 + l/k
(
∂
∂t
−∆
)
|H |2
6
2|∇H |2
|H |2 + l/k −
2(1− σ)|H |2
|H |2 + l/k (|h|
2 − ρ2 + n)
6
2k|∇H |2
|˚h|2 −
(
2− 2l
k|H |2 + l
)
(|h|2 − ρ2 + n) + 2σ(|h|2 + n)
=
2k|∇H |2
|˚h|2 +
2l(|h|2 − ρ2 + n)
k|H |2 + l − 2(|h|
2 − ρ2 + n) + 2σ(|h|2 + n)
6
2k|∇H |2
|˚h|2
+
2l
[
(1− ε)(k|H |2 + l) + 1n |H |2 − ρ2 + n
]
k|H |2 + l
−2(|h|2 − ρ2 + n) + 2σ(|h|2 + n)
6
2k|∇H |2
|˚h|2
+
2l
(
1
n |H |2 − ρ2 + n
)
k|H |2 + l + 2l(1− ε)− 2(|h|
2 − ρ2 + n) + 2σ(|h|2 + n).
Then we get(
∂
∂t
−∆
)
fσ
6 fσ
[
1
|˚h|2
(
∂
∂t
−∆
)
|˚h|2 − 1− σ|H |2 + l/k
(
∂
∂t
−∆
)
|H |2
]
+
2|∇fσ||∇|H |2|
|H |2 + l/k
6
2fσ
|˚h|2
[
−
∣∣∣∇h˚∣∣∣2 + 8θ2 + k|∇H |2
]
+
2|∇fσ||∇|H |2|
|H |2 + l/k
+2fσ[−2n+ 3 + (n− 1)ρ2 + l(1− ε) + σ(|h|2 + n)]
+2fσ
[
− 1|˚h|
[
1
nρ2|H |2 −
(n− 2)2l
4(n− 3− l)ρ
2
2
]
+
l
(
1
n |H |2 − ρ2 + n
)
k|H |2 + l
]
6
2fσ
|˚h|2
[
−
∣∣∣∇h˚∣∣∣2 + 8θ2 + k|∇H |2
]
+
2|∇fσ||∇|H |2|
|H |2 + l/k
+2fσ[(n− 1)(ρ2 − l) + σ(|h|2 + n)− εl]
+
2fσ
k|H |2 + l
[
− 1nρ2|H |2 −
(n− 2)2l
4(n− 3− l)ρ
2
2 + l
(
1
n |H |2 − ρ2 + n
)]
.
By Lemma 2.1 and the condition n > q + 6 > 8, we have
−
∣∣∣∇h˚∣∣∣2 + 8θ2 + k|∇H |2 6 −1
3
∣∣∣∇h˚∣∣∣2 .
Using (3.10), we get
− 1nρ2|H |2 −
(n− 2)2l
4(n− 3− l)ρ
2
2 + l
(
1
n |H |2 − ρ2 + n
)
6 − 1nρ2|H |2 − (3− n+ l)l − (n− 2)lρ2 + l
(
1
n |H |2 − ρ2 + n
)
= (n− 1)(l − ρ2)(k|H |2 + l).
Therefore, we complete the proof of this lemma. 
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3.3. The case of q > n− 4.
We choose an orthonormal frame {eα} for the normal space such that H =
|H |en+1. Let ρ1 =
∣∣∣˚hn+1∣∣∣2, ρ2 =∑α>n+1 ∣∣∣˚hα∣∣∣2. We have
Lemma 3.7.
(i) R1 6 |h|4 − 2nρ2|H |2 + 2|˚h|2ρ2 − 32ρ22,
(ii) R2 = |H |2(|h|2 − ρ2),
(iii) S1 6
3
nS2 + (2n+ 3)|˚h|2.
Proof. Using the same proof as Lemma 3.4, we obtain (i) and (ii).
Now we re-estimate S1. From (3.6) and (3.7), we have
S1 6
3
n
S2 + 3|˚h|2 + 4
∑
α,β,i,j,k
h˚αikh˚
β
jk(JiαJjβ − JiβJjα).
With a local orthonormal frame, let v be a vector given by vk = h˚
α
ikJiα. We define
two tensors D and E by
Dijk = h˚
α
ijJkα +
h˚αikJjα + h˚
α
jkJiα
n+ η
, Eijk = − 2δijvk
(n+ η)η
+
δikvj + δjkvi
η
,
where η =
√
n2 + n− 2. Then we have 〈D − E,E〉 = 0. This implies |D|2 > |E|2.
By the definitions of D and E, we get
|D|2 = 5n− 2− 4η
(n− 2)2
(
n˚hαij h˚
β
ijJkαJkβ + 2˚h
α
ikh˚
β
jkJiβJjα
)
,
|E|2 = 2(5n− 2− 4η)
(n− 2)2 h˚
α
ikh˚
β
jkJiαJjβ .
Thus we obtain
∑
α,β,i,j,k
h˚αikh˚
β
jk(JiαJjβ − JiβJjα) 6
n
2
∑
i,j,k
(∑
α
h˚αijJkα
)2
6
n
2
|˚h|2.

Define a function ψ : [0,+∞)→ R by
(3.13) ψ(x) := 9n2−3n−3 +
n(n−3)
n3−4n2+3x−
3
√
x2+ 2n (n−1)(n2−3)x+9(n−1)2
n3−4n2+3 .
Let ψ˚(x) = ψ(x) − xn . From Lemma 7.3 in the Appendix, the function ψ˚ has the
following properties.
Lemma 3.8. The function ψ˚ satisfies
(i) 0 6 ψ˚′(x) < 1n(n−1) , 0 6 ψ˚(x) 6
x
n(n−1) ,
(ii) maxx>0
(
2xψ˚′′(x) + ψ˚′(x)
)
< 2(n−4)n(n+8) ,
(iii) 3ψ˚(x) +
(
ψ˚(x) − xψ˚′(x)
)(
ψ˚(x) + xn + n
)
6 0, and the equalities hold if and
only x = 0,
(iv) 0 6 xψ˚′(x) − ψ˚(x) < 2.
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For convenience, we denote ψ˚(|H |2), ψ˚′(|H |2), ψ˚′′(|H |2) by ψ˚, ψ˚′, ψ˚′′, respec-
tively. Let F : Mn × [0, T ) → CPn+q2 (q > n − 4 > 2) be a mean curvature flow
whose initial value M0 satisfies |h|2 < ψ(|H |2). Since M0 is compact, there exists
a small positive number ε, such that M0 satisfies |˚h|2 < ψ˚ − ε|H |2 − ε.
Theorem 3.9. If the initial value M0 satisfies |˚h|2 < ψ˚ − ε|H |2 − ε, then this
pinching condition holds for all t ∈ [0, T ).
Proof. From Lemma 2.1 and Lemma 3.7, we get(
∂
∂t
−∆
)
|˚h|2 = −2
∣∣∣∇h˚∣∣∣2 − 2n|˚h|2 + 2R1 − 2
n
R2 + 2S1 − 6
n
S2
6 −2
∣∣∣∇h˚∣∣∣2 + 2|˚h|2|h|2 − 2
n
ρ2|H |2 + 4|˚h|2ρ2 + 2(n+ 3)|˚h|2.(3.14)
We have the following evolution equation of ψ˚.(
∂
∂t
−∆
)
ψ˚ = −2ψ˚′ · |∇H |2 − ψ˚′′ · |∇|H |2|2 + 2ψ˚′(n|H |2 +R2 + 3S2)
> −2
(
ψ˚′ + 2ψ˚′′ · |H |2
)
|∇H |2 + 2ψ˚′ · |H |2(|h|2 + n− ρ2).(3.15)
Let U = |˚h|2 − ψ˚ + ε|H |2 + ε. We obtain
1
2
(
∂
∂t
−∆
)
U 6
(
ψ˚′ − ε+ 2ψ˚′′ · |H |2
)
|∇H |2 −
∣∣∣∇h˚∣∣∣2
+|˚h|2
(
|˚h|2 + 1n |H |2 + n+ 3
)
−
(
ψ˚′ − ε
)
|H |2
(
|˚h|2 + 1n |H |2 + n
)
+ρ2
(
− 1n |H |2 + 2|˚h|2 +
(
ψ˚′ − ε
)
|H |2
)
.
By Lemma 2.1 and Lemma 3.8 (ii), the first line of the RHS of the formula above
is nonpositive. From |˚h|2 = U + ψ˚ − ε|H |2 − ε, we obtain
1
2
(
∂
∂t
−∆
)
U 6 U
(
U + 2ψ˚ + n+ 3− 2ε+
(
1
n − ψ˚′ − ε
)
|H |2 + 2ρ2
)
+ψ˚
(
ψ˚ + 1n |H |2 + n+ 3
)
− ψ˚′ · |H |2
(
ψ˚ + 1n |H |2 + n
)
+ε
[
−n− 3 + ε+ ψ˚′ · |H |2 − 2ψ˚(3.16)
+|H |2
(
ψ˚′ · |H |2 − ψ˚ − 3− 1n + ε
)]
+ρ2
(
− 1n |H |2 + 2ψ˚ + ψ˚′|H |2 − ε(3|H |2 + 2)
)
.
This together with Lemma 3.8 implies
(3.17)
1
2
(
∂
∂t
−∆
)
U < U
(
U + 2ψ˚ + n+ 3− 2ε+
(
1
n − ψ˚′ − ε
)
|H |2
)
.
Then the assertion follows from the maximum principle. 
Now we prove that the mean curvature flow has finite maximal existence time
in this case.
Lemma 3.10. If the initial value M0 satisfies |˚h|2 < ψ˚, then T is finite.
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Proof. Let U = |˚h|2 − ψ˚. Then U < 0 holds for all t ∈ [0, T ). From (3.17), we have(
∂
∂t
−∆
)
U 6 2U
(
U + 2ψ˚ + n+ 3 +
(
1
n − ψ˚′
)
|H |2
)
6 2U
(
U + 2ψ˚
)
= 2U
(
2|˚h|2 − U
)
6 −2U2.
From the maximum principle, U will blow up in finite time. Therefore, T must be
finite. 
Let fσ = |˚h|2/ψ˚1−σ, where σ ∈ (0, 1) is a positive constant. Then we have
Lemma 3.11. If M0 satisfies |˚h|2 < ψ˚, then there exists a small positive constant
ε, such that the following inequality holds along the mean curvature flow.
∂
∂t
fσ 6 ∆fσ +
2
ψ˚
|∇fσ| |∇ϕ˚| − 2εfσ|˚h|2
∣∣∣∇h˚∣∣∣2 + 2σ|h|2fσ + 4nfσ.
Proof. By a straightforward calculation, we have(
∂
∂t
−∆
)
fσ = fσ
[
1
|˚h|2
(
∂
∂t
−∆
)
|˚h|2 − 1− σ
ψ˚
(
∂
∂t
−∆
)
ψ˚
]
+2(1− σ)
〈
∇fσ,∇ψ˚
〉
ψ˚
− σ(1 − σ)fσ |∇ψ˚|
2
|ψ˚|2 .
Using (3.14) and (3.15), we have
(
∂
∂t
−∆
)
fσ 6 2fσ

−
∣∣∣∇h˚∣∣∣2
|˚h|2 + (1− σ)
ψ˚′ + 2H2ψ˚′′
ψ˚
|∇H |2


+2fσ
[
|h|2 + n+ 3− (1− σ) ψ˚
′ · |H |2
ψ˚
(|h|2 + n)
]
+2fσρ2
[
− |H |
2
n|˚h|2
+ 2 + (1− σ) ψ˚
′ · |H |2
ψ˚
]
+
2
ψ˚
|∇fσ|
∣∣∣∇ψ˚∣∣∣ .
From Lemma 2.1 and Lemma 3.8 (ii), we have
−
∣∣∣∇h˚∣∣∣2
|˚h|2
+ (1− σ) ψ˚
′ + 2H2ψ˚′′
ψ˚
|∇H |2
6 −
∣∣∣∇h˚∣∣∣2
|˚h|2
+ (1− σ)
(1 − ε) 2(n−4)n(n+8)
ψ˚
|∇H |2
6 −
∣∣∣∇h˚∣∣∣2
|˚h|2 +
(1− ε)
∣∣∣∇h˚∣∣∣2
|˚h|2 = −
ε
∣∣∣∇h˚∣∣∣2
|˚h|2 .
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By Lemma 3.8 (iii), we get
|h|2 + n+ 3− (1− σ) ψ˚
′ · |H |2
ψ˚
(|h|2 + n)
6 (1− σ) ψ˚ − ψ˚
′ · |H |2
ψ˚
|h|2 + n+ 3 + σ|h|2
6 2n+ σ|h|2.
By Lemma 3.8 (i), we have
− |H |
2
n|˚h|2
+ 2 + (1− σ) ψ˚
′ · |H |2
ψ˚
6
− 1n |H |2 + 2ψ˚ + ψ˚′ · |H |2
ψ˚
6 0.
This completes the proof of the lemma. 
4. An estimate for traceless second fundamental form
Let F :Mn× [0, T )→ CPn+q2 be a mean curvature flow. Suppose that the initial
value M0 satisfies the condition in Theorem 1.1. We put
W =


ϕ˚ε, q = 1,
1
n(n−1) |H |2 + 2− 3n , 2 6 q < n− 4,
ψ˚, q > n− 4.
By the conclusions of the previous section, there exists a sufficiently small positive
number ε, such that for all t ∈ [0, T ), the following pinching condition holds.
|˚h|2 < W − ε|H |2 − ε.
From this inequality and the definition of W , we have ε|H |2+ ε < W < |H|2n(n−1) +n.
We introduce an auxiliary function:
fσ =
|˚h|2
W 1−σ
,
In this section, we will show that fσ decays exponentially.
Lemma 4.1. There exist positive constants ε and C1 depending on M0, such that
∂
∂t
fσ 6 ∆fσ +
2C1
|˚h|
|∇fσ|
∣∣∣∇h˚∣∣∣− εfσ|˚h|2
∣∣∣∇h˚∣∣∣2 + 4nσ
ε
fσW + (χ− 2ε)fσ,
where χ = 5nmax{q−n+5,0}q−n+5 .
Proof. Combining the conclusions of Lemmas 4.1, 3.6 and 3.11, we have the follow-
ing inequality with some suitable small ε.
∂
∂t
fσ 6 ∆fσ +
2
W
|∇fσ||∇W | − εfσ|˚h|2
∣∣∣∇h˚∣∣∣2 + 2σfσ(|h|2 + n) + (χ− 2ε)fσ.
By the definition of W , there exists a constant B1 such that |∇W | < B1|∇|H |2|.
Let C1 be a constant such that 2B1|H |/
√
W < 1nC1. From Lemma 2.1, we have
(4.1)
|∇W |
W
6
2B1|H ||∇H |√
W |˚h| 6
1
nC1|∇H |
|˚h| 6
C1
∣∣∣∇h˚∣∣∣
|˚h| .
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We also have
|h|2 + n < W + 1
n
|H |2 + n < W + n(|H |2 + 1) < 2n
ε
W.
Thus we complete the proof of this lemma. 
We need the following estimate for the the Laplacian of |˚h|2.
Lemma 4.2. There exists a positive constant C2 > 1, such that
∆|˚h|2 > 2
〈˚
h,∇2H
〉
+ 2
(
ε|˚h|2 − C2
)
W.
Proof. We have the following identity
∆|˚h|2 = 2
〈˚
h,∇2H
〉
+ 2
∣∣∣∇h˚∣∣∣2 − 2R1 + 2R3 + 2n|˚h|2 − 2S1 + 6nS2 + 6S3,
where R3 = H
αhαikh
β
ijh
β
jk, S3 = h˚
α
ijH
βJiαJjβ . Then there exists a positive constant
B2 only depending on n, such that
∆|˚h|2 > 2
〈˚
h,∇2H
〉
+ 2(R3 −R1)− 2B2|h|2.
We choose a local orthonormal frame, such thatH = |H |en+1 and h˚1 = diag
(˚
λ1, · · · , λ˚n
)
.
Let ρ1 =
∣∣∣˚hn+1∣∣∣2, ρ2 =∑α>n+1 ∣∣∣˚hα∣∣∣2. Expanding R3, we get
R3 =
1
n2
|H |4 + 3ρ1 + ρ2
n
|H |2 + |H |
∑
α,i
λ˚i
(˚
hαii
)2
+
|H |
2
∑
α > 1
i 6= j
(˚
λi + λ˚j
) (˚
hαij
)2
.
By Lemma 2.6 of [28] or Proposition 1.6 of [31], we have
∑
α,i
λ˚i
(˚
hαii
)2
> − n− 2√
n(n− 1)
√
ρ1
(
|˚h|2 −
∑
α > 1
i 6= j
(˚
hαij
)2)
> − n− 2√
n(n− 1)
(
1
2
(
P1 + |˚h|2
)
|˚h| − √ρ1
∑
α > 1
i 6= j
(˚
hαij
)2)
> − n− 2√
n(n− 1)
(
|˚h|3 − 1
2
|˚h|ρ2 −√ρ1
∑
α > 1
i 6= j
(˚
hαij
)2)
.
We also have∑
α > 1
i 6= j
(
λ˚i + λ˚j
) (˚
hαij
)2
>
∑
α > 1
i 6= j
−
√
2
(˚
λ2i + λ˚
2
j
) (˚
hαij
)2
> −
√
2ρ1
∑
α > 1
i 6= j
(˚
hαij
)2
.
Note that n−2√
n(n−1) >
√
2
2 if n > 6, and
∑
α>1,i6=j
(˚
hαij
)2
= 0 if q = 1. We get
(4.2) R3 >
1
n2
|H |4 + 3ρ1 + ρ2
n
|H |2 − n−2√
n(n−1) |H |
(
|˚h|3 − 1
2
|˚h|ρ2
)
.
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From (4.2) and Lemma 3.4 (i), we get
R3 −R1 > |˚h|2
(
−|˚h|2 + 1
n
|H |2 − n−2√
n(n−1) |H ||˚h|
)
+ρ2
(
−2|˚h|2 + n−2
2
√
n(n−1) |H ||˚h|+
3
2
ρ2
)
> |˚h|2
[
ε(|H |2 + 1)−W + 1
n
|H |2 − n−2√
n(n−1) |H |
√
W
]
−ρ2
[
|˚h|
(
2
√
W − n−2
2
√
n(n−1) |H |
)
− 3
2
ρ2
]
> |˚h|2
[
ε(|H |2 + 1) + (n−2)|H|2n(n−1) − n− n−2√n(n−1) |H |
√
|H|2
n(n−1) + n
]
−ρ2
[
|˚h|
(
2
√
|H|2
n(n−1) + n− n−22√n(n−1) |H |
)
− 3
2
ρ2
]
> |˚h|2[ε(|H |2 + 1)− (n− 1)n]− ρ2
[
|˚h| · 2√n− 3
2
ρ2
]
> |˚h|2[ε(|H |2 + 1)− (n− 1)n]− 2n
3
|˚h|2.
By choosing suitable large C2, we complete the proof of this lemma. 
From (4.1) and Lemma 4.2, we have
∆fσ = fσ
(
∆|˚h|2
|˚h|2 − (1− σ)
∆W
W
)
− 2(1− σ) 〈∇fσ,∇W 〉
W
+ σ(1 − σ)fσ |∇W |
2
W 2
>
fσ∆|˚h|2
|˚h|2
− (1− σ)fσ∆W
W
−
2C1|∇fσ|
∣∣∣∇h˚∣∣∣
|˚h|
>
2
〈˚
h,∇2H
〉
W 1−σ
+ 2εfσW − 2C2W σ − (1 − σ)fσ∆W
W
−
2C1|∇fσ|
∣∣∣∇h˚∣∣∣
|˚h| .
Multiplying both sides of the above inequality by fp−1σ , we get
2εfpσW 6 f
p−1
σ ∆fσ+(1−σ)
fpσ∆W
W
−
2fp−1σ
〈˚
h,∇2H
〉
W 1−σ
+
2C1f
p−1
σ |∇fσ|
∣∣∣∇h˚∣∣∣
|˚h| +2C2f
p−1
σ W
σ.
The Young’s inequality yields
2C2f
p−1
σ W
σ
6 2C2W
[
1
p
(
2C2
εW (1−σ)
)p
+
p− 1
p
(
ε
2C2
) p
p−1
fpσ
]
6 2C2
(
1
p
(
2C2
ε(2−σ)
)p
+
ε
2C2
fpσW
)
6 Cp3 + εf
p
σW,
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where C3 is a positive constant depending on M0. Thus
(4.3)
εfpσW 6 f
p−1
σ ∆fσ+(1−σ)
fpσ∆W
W
−
2fp−1σ
〈˚
h,∇2H
〉
W 1−σ
+
2C1f
p−1
σ |∇fσ|
∣∣∣∇h˚∣∣∣
|˚h| +C
p
3 .
Then integrate both side of (4.3) over Mt. By the divergence theorem, we have
(4.4)
∫
Mt
fp−1σ ∆fσdµt = −(p− 1)
∫
Mt
fp−2σ |∇fσ|2dµt.
From (4.1), we have
∫
Mt
fpσ
W
∆Wdµt = −
∫
Mt
〈
∇
(
fpσ
W
)
,∇W
〉
dµt
=
∫
Mt
(
−pf
p−1
σ
W
〈∇fσ,∇W 〉+ f
p
σ
W 2
|∇W |2
)
dµt(4.5)
6
∫
Mt
(
C1pf
p−1
σ
|˚h| |∇fσ|
∣∣∣∇h˚∣∣∣+ C21fpσ|˚h|2
∣∣∣∇h˚∣∣∣2
)
dµt.
We also have
−
∫
Mt
fp−1σ
〈˚
h,∇2H
〉
W 1−σ
dµt
=
∫
Mt
∇i
(
fp−1σ
W 1−σ
h˚αij
)
∇jHαdµt
=
∫
Mt
[
(p− 1)fp−2σ
W 1−σ
h˚αij∇ifσ−
(1− σ)fp−1σ
W 2−σ
h˚αij∇iW+
fp−1σ
W 1−σ
∇i˚hαij
]
∇jHαdµt
6
∫
Mt
[
(p− 1)fp−1σ
|˚h| |∇fσ|+
fp−1σ
W 2−σ
|˚h||∇W |+ f
p−1
σ
W 1−σ
n
∣∣∣∇h˚∣∣∣
]
|∇H |dµt(4.6)
6
∫
Mt
[
(p− 1)fp−1σ
|˚h|
|∇fσ|+ C1f
p−1
σ
W 1−σ
|˚h|
∣∣∣∇h˚∣∣∣+ fp−1σ
W 1−σ
n
∣∣∣∇h˚∣∣∣
]
n
∣∣∣∇h˚∣∣∣dµt
6
∫
Mt
[
n(p− 1)fp−1σ
|˚h| |∇fσ|
∣∣∣∇h˚∣∣∣+ (C1 + n2)fpσ|˚h|2
∣∣∣∇h˚∣∣∣2
]
dµt.
Putting (4.3)-(4.6) together, we get
(4.7)
∫
Mt
Wfpσdµt 6
C4
ε
∫
Mt
[
pfp−1σ
|˚h|
|∇fσ|
∣∣∣∇h˚∣∣∣+ fpσ|˚h|2
∣∣∣∇h˚∣∣∣2 + Cp3
]
dµt,
where C4 is a positive constant independent of t.
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Combining Lemma 4.1 and (4.7), we obtain
d
dt
∫
Mt
fpσdµt = p
∫
Mt
fp−1σ
∂fσ
∂t
dµt −
∫
Mt
fpσ |H |2dµt
6 p
∫
Mt
fp−2σ
[
−(p− 1)|∇fσ|2 +
(
2C1 +
4nσC4p
ε2
)
fσ
|˚h|
|∇fσ|
∣∣∣∇h˚∣∣∣
−
(
ε− 4nσC4
ε2
)
f2σ
|˚h|2
∣∣∣∇h˚∣∣∣2
]
dµt(4.8)
+p
∫
Mt
fpσ
(
4nσC4C
p
3
ε2
+ χ− 2ε
)
dµt.
Now we show that the Lp-norm of fσ decays exponentially.
Lemma 4.3. There exist positive constants C5, p0, σ0 depending on M0, such that
for all p > p0 and σ 6 σ0/
√
p, we have(∫
Mt
fpσdµt
) 1
p
< C5e
−εt.
Proof. The expression in the square bracket of the right hand side of (4.8) is a
quadratic polynomial. With p0 large enough and σ0 small enough, its discriminant
satisfies
(
2C1 +
4nσC4p
ε2
)2
− 4(p− 1) (ε− 4nσC4ε2 ) < 0. We also have 4nσC4Cp3ε2 < ε.
Then we get
d
dt
∫
Mt
fpσdµt 6 p(χ− ε)
∫
Mt
fpσdµt.
Since χ = 5nmax{q−n+5,0}q−n+5 , we have
∫
Mt
fpσdµt 6 e
−pεt ∫
M0
fpσdµ0 for q < n− 4,
and
∫
Mt
fpσdµt 6 e
5npT
∫
M0
fpσdµ0 for q > n−4. Noting that T is finite if q > n−4,
we obtain the conclusion. 
Let gσ = fσe
εt/2. By the Sobolev inequality on submanifolds [13] and a Stam-
pacchia iteration procedure, we obtain that gσ is uniformly bounded for all t (see
[14] or [18] for the details). Then we obtain the following theorem.
Theorem 4.4. There exist positive constants σ and C0 depending only on M0,
such that for all t ∈ [0, T ) we have
|˚h|2 6 C0(|H |2 + 1)1−σe−εt/2.
5. A gradient estimate
In the following, we derive an estimate for |∇H |2 along the mean curvature flow.
Firstly, the same as Proposition 4.3 in [27], we have the following result.
Lemma 5.1. There exists a constant C6 > 1 depending only on n, such that
∂
∂t
|∇H |2 6 ∆|∇H |2 + C6(|H |2 + 1)|∇h|2.
Secondly, we need the following estimates.
Lemma 5.2. Along the mean curvature flow, we have
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(i) ∂∂t |H |4 > ∆|H |4 − 24n|H |2|∇h|2 + 4n |H |6,
(ii) ∂∂t |˚h|2 6 ∆|˚h|2 − 13 |∇h|2 + C7(|H |2 + 1)|˚h|2,
(iii) ∂∂t
(
|H |2 |˚h|2
)
6 ∆
(
|H |2 |˚h|2
)
− 16 |H |2|∇h|2 + C9|∇h|2 + C8(|H |2 + 1)2 |˚h|2,
where C7, C8, C9 are sufficiently large constants.
Proof. (i) From Lemma 2.2 (ii) we derive that
∂
∂t
|H |4 = ∆|H |4 − 4|H |2|∇H |2 − 2|∇|H |2|2 + 4|H |2(R2 + 3S2) + 4n|H |4.
From Lemma 3.7, we get R2+3S2 > R2 >
1
n |H |4. Then from Lemma 2.1, we have
4|H |2|∇H |2 + 2|∇|H |2|2 6 24n|H |2|∇h|2.
(ii) We have
∂
∂t
|˚h|2 = ∆|˚h|2 − 2
∣∣∣∇h˚∣∣∣2 − 2n|˚h|2 + 2R1 − 2
n
R2 + 2S1 − 6
n
S2.
From Lemma 2.1, we get 2
∣∣∣∇h˚∣∣∣2 > 13 |∇h|2. Choosing a large constant C7, we
obtain inequality (ii).
(iii) It follows from the evolution equations that
∂
∂t
(
|H |2 |˚h|2
)
= ∆
(
|H |2 |˚h|2
)
+ 2|H |2
(
R1 − R2
n
+ S1 − 3S2
n
)
+ 2|˚h|2(R2 + 3S2)
−2|H |2
∣∣∣∇h˚∣∣∣2 − 2|˚h|2|∇H |2 − 2〈∇|H |2,∇|˚h|2〉 .
From Lemma 2.1, we get −2|H |2
∣∣∣∇h˚∣∣∣2 6 − 13 |H |2|∇h|2.
From the preserved pinching condition |˚h|2 < W , we have
2|H |2
(
R1 − R2
n
+ S1 − 3S2
n
)
+ 2|˚h|2(R2 + 3S2) < C8(|H |2 + 1)2 |˚h|2.
Using Theorem 4.4, we have
−2
〈
∇|H |2,∇|˚h|2
〉
6 8|H ||∇H ||˚h||∇h| 6 8n
√
C0|H |(|H |2 + 1)
1−σ
2 |∇h|2.
By Young’s inequality, there exists a positive constantC9, such that−2
〈
∇|H |2,∇|˚h|2
〉
6(
C9 +
1
6 |H |2
) |∇h|2. 
Now we prove a gradient estimate for mean curvature.
Theorem 5.3. For all η ∈
(
0, ε
1/2
8npi
)
, there exists a number Ψ(η) depending on η
and M0, such that
|∇H |2 < [(η|H |)4 +Ψ(η)2]e−εt/4.
Proof. Define a scalar
f =
(
|∇H |2 +B1 |˚h|2 +B2|H |2 |˚h|2
)
eεt/4 − (η|H |)4,
where B1, B2 are two positive constants.
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From Lemmas 5.1 and 5.2, we obtain(
∂
∂t
−∆
)
f 6
[
eεt/4
(
C6 − B2
6
)
+ 24nη4
]
|H |2|∇h|2
+eεt/4
[(
C6 − B1
3
+B2C9
)
|∇h|2 + σ|∇H |2
]
+eεt/4[B1C7(|H |2 + 1) +B2C8(|H |2 + 1)2 + σ(B1 +B2|H |2)]|˚h|2
−4η
4
n
|H |6.
We choose the constants B1 and B2, such that C6− B26 < −1 and C6− B13 +B2C9 <
−1. Then applying Theorem 4.4, we get(
∂
∂t
−∆
)
f 6 e−εt/4
[
B3(|H |2 + 1)2(|H |2 + 1)1−σ − 4η
4
n
|H |6
]
.(5.1)
Consider the expression in the bracket of (5.1). Since the coefficient of |H |6 is
negative, it has a upper bound Ψ2(η). Then we have
(
∂
∂t −∆
)
f 6 Ψ2(η)e
−εt/4. It
follows from the maximum principle that f is bounded. This completes the proof
of Theorem 5.3.

6. Convergence
In order to estimate the diameter ofMt, we need the well-known Myers theorem.
Theorem 6.1. (Myers) Let Γ be a geodesic of length l on M . If the Ricci cur-
vature satisfies Ric(X) > (n − 1)pi2l2 , for each unit vector X ∈ TxM , at any point
x ∈ Γ, then Γ has conjugate points.
Then we obtain the following lemma.
Lemma 6.2. LetM be an n-dimensional submanifold in CP
n+q
2 . If there exist posi-
tive constants L and ε, ε < 1n(n−1) , such thatM satisfies |h|2 <
(
1
n−1 − ε
)
|H |2+L,
maxM |H |2 > 2nL/ε and |∇H | < 2η2maxM |H |2 for all 0 < η < ε1/28npi , then we have
minM |H |2
maxM |H |2 > 1− η and diamM 6 (2η|H |max)
−1.
Proof. By Proposition 2 in [30], the Ricci curvature of M satisfies
Ric > n−1n
(
n+ 2n |H |2 − |h|2 − n−2√n(n−1) |H ||˚h|
)
> n−1n
[
n+ 2n |H |2 −
(
1
n−1 − ε
)
|H |2 − L− n−2√
n(n−1) |H |
√
|H|2
n(n−1) + L
]
> n−1n
[
n+
(
n−2
n(n−1) + ε
)
|H |2 − L− (n− 2)
(
|H|2
n(n−1) + L
)]
> n−1n [ε|H |2 − nL].
Let x be a point on M where |H | achieves its maximum. Consider all the
geodesics of length l = (4ηmaxM |H |)−1 starting from x. Since |∇|H |2| < 4η2maxM |H |3,
we have |H |2 > maxM |H |2 − 4η2maxM |H |3 · l = (1 − η)maxM |H |2 along such
a geodesic. Thus we have Ric > n−1n [ε|H |2 − nL] > n−1n ε
(
1
2 − η
)
maxM |H |2 >
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(n − 1)pi2/l2 on such a geodesic. Then from Myers’ theorem, these geodesics can
reach any point of M .
Therefore, we obtain minM |H |2 > (1− η)maxM |H |2 and diamM 6 2l. 
Now we show that under the assumption of Theorem 1.1, the mean curvature
flow converges to a point or a totally geodesic submanifold.
Theorem 6.3. If M0 satisfies |˚h|2 < W and T is finite, then Ft converges to a
round point as t→ T .
Proof. If T is finite, we have maxMt |h|2 → ∞ as t → T . Let H = minMt |H |,
H = maxMt |H |. From the preserved pinching condition, we get H →∞ as t→ T .
By Theorem 5.3, for any η ∈
(
0, ε
1/2
8npi
)
, we have |∇H | < (η|H |)2 + Ψ(η). Since
H → ∞ as t → T , there exists a time τ depending on η, such that for t > τ ,
H
2
> Ψ(η)/η2. Then we have |∇H | < 2η2H2. Using Lemma 6.2, we obtain
diamMt → 0 and H/H → 1 as t→ T .
Now we dilate the metric of the ambient space such that the submanifold main-
tains its volume along the flow. Using the same method as in [23], we can prove
that the rescaled mean curvature flow converges to a round sphere as the reparam-
eterized time tends to infinity. 
Theorem 6.4. If M0 satisfies |˚h|2 < W and T =∞, then Ft converges to a totally
geodesic submanifold CPn/2 as t→∞.
Proof. Firstly, we prove |H |2 < Ce−εt/8 by contradiction. Suppose that H2 · eεt/8
is unbounded. Then for any small positive number η, there exists a time τ , such
that H
2
(τ) · eετ/8 > Ψ(η)/η2. By Theorem 5.3, we have |∇H | < 2η2H2 on Mτ . By
Lemma 6.2, we have H2(τ) > (1 − η)H2(τ) > 1−ηη2 Ψ(η)e−ετ/8. This together with
Theorem 5.3 yields |∇H |2 < (η|H |)4 + η4(1−η)2H4(τ) · eε(τ−t)/4. From the evolution
equation of |H |2, we have
(6.1)
∂
∂t
|H |2 > ∆|H |2 + 1
n
|H |4 − 1
2n
H4(τ) · eε(τ−t)/4.
Using the maximum principle, we get |H |2 > H2(τ) if t > τ . Then (6.1) yields
∂
∂t |H |2 > ∆|H |2 + 12n |H |4 for t > τ . Hence, |H |2 blows up in finite time. This
contradicts the infinity of T . Therefore, we obtain |H |2 < Ce−εt/8.
From Theorem 4.4, we have |h|2 = |˚h|2 + 1n |H |2 6 Ce−εt/8. Since |h| → 0 as
t→∞, Mt converges to a totally geodesic submanifold M∞ as t→∞.
In the case of q > n − 4, since |h|2 < ψ(|H |2) is preserved, thus the flow can’t
converge to a totally geodesic submanifold. So the dimension and codimension of
M∞ satisfies q < n − 4. From the fact that the totally geodesic submanifolds of
CPm are totally real submanifolds RPn and Ka¨hler submanifolds CPn/2 [7], we see
that M∞ must be CPn/2. 
Combining the results of Theorems 6.3 and 6.4, we complete the proof of Theo-
rem 1.1.
At last, we prove the convergence result under the weakly pinching condition for
the mean curvature flow with q > n− 4 > 2.
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Proof of Theorem 1.2. From (3.16), we have
1
2
(
∂
∂t
−∆
)(
|˚h|2 − ψ˚
)
6
(
|˚h|2 − ψ˚
)(
|˚h|+ ψ˚ + n+ 3− 2ε+
(
1
n − ψ˚′ − ε
)
|H |2 + 2ρ2
)
+ψ˚
(
ψ˚ + 1n |H |2 + n+ 3
)
− ψ˚′ · |H |2
(
ψ˚ + 1n |H |2 + n
)
.
Using the strong maximum principle, we obtain either |˚h|2 < ψ˚ for some t > 0, or
|˚h|2 = ψ˚ holds for all t ∈ [0, t0).
If |˚h|2 < ψ˚ for some t > 0, then it follows from Theorem 1.1 that Ft converges
to a round point.
If |˚h|2 = ψ˚ holds for all t ∈ [0, t0), we have
ψ˚
(
ψ˚ + 1n |H |2 + n+ 3
)
− ψ˚′ · |H |2
(
ψ˚ + 1n |H |2 + n
)
= 0.
From Lemma 3.8 (iii), we get |H | = 0. Thus |h|2 = ψ(0) = 0. Therefore, Ft(M) is
a totally geodesic submanifold for each t ∈ [0,+∞). 
7. Appendix
For an odd integer n > 3, and a real number ε ∈ [0, 1], we define a function
ϕε : [0,+∞)→ R by
ϕε(x) := dε + cεx−
√
b2x2 + 2abx+ e,
where a = 2
√
(n2 − 4n+ 3)b, b = min
{
n−3
4n−4 ,
2n−5
n2+n−2
}
, cε = b +
1
n−1+ε , dε = 2 −
2ε+ a, e =
√
ε. We set ϕ = ϕ0.
Lemma 7.1. The function ϕ satisfies
(i) xn−1 + 2 < ϕ(x) <
x
n−1 + n,
(ii) ϕ(x) >
√
2(n− 3).
Proof. If n = 3, then a = b = 0. We have ϕ(x) = 2 + xn−1 . It’s easy to verify the
inequalities above.
If n > 5, by direct computations, we get
ϕ′(x) = c0 − bx+ a√
x2 + 2ax/b
,
ϕ′′(x) =
a2
b(x2 + 2ax/b)3/2
.
Since
(
ϕ(x) − xn−1
)′′
= ϕ′′(x) > 0 and limx→∞ ϕ′(x) = 1n−1 , we have ϕ
′(x) < 1n−1 .
Hence we get
2 = lim
x→∞
(
ϕ(x) − x
n− 1
)
< ϕ(x) − x
n− 1 6 ϕ(0) = 2 + a < n.
If n > 5, we figure out that
min
x>0
ϕ(x) = ϕ
(
ac0
b
√
c20 − b2
− a
b
)
= d0 − ac0
b
+
a
b
√
c20 − b2.
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If n = 5, we have minx>0 ϕ(x) = 4
√
2 − 2. If n > 7, we have minx>0 ϕ(x) =
2 + 2
√
n−3
2n−5
(√
5n− 8−√n+ 2) >√2(n− 3). 
Letting ϕ˚ε(x) = ϕε(x) − xn , we have
Lemma 7.2. There exists a positive constant ε1 depending on n, such that for all
ε ∈ (0, ε1), the function ϕε satisfies the following inequalities
(i) 2xϕ˚′′ε (x) + ϕ˚
′
ε(x) <
2(n−1)
n(n+2) ,
(ii) ϕ˚ε(x)(ϕε(x) − n+ 3)− xϕ˚′ε(x)(ϕε(x) + n+ 3) < 2(n− 1),
(iii) ϕ˚ε(x) − xϕ˚′ε(x) > 1.
Proof. If n = 3, then a = b = 0. We have ϕε(x) = 2 − 2ε+ x2+ε − 4
√
ε. It’s easy to
verify these inequalities.
If n > 5, by direct computations, we get
ϕ˚′ε(x) = cε −
1
n
− b
2x+ ab√
b2x2 + 2abx+ e
,
ϕ˚′′ε (x) =
b2(a2 − e)
(b2x2 + 2abx+ e)3/2
,
ϕ˚′′′ε (x) = −
3b3(a2 − e)(bx+ a)
(b2x2 + 2abx+ e)5/2
.
Then we have
2xϕ˚′′ε (x) + ϕ˚
′
ε(x) = cε −
1
n
− b
3x2(bx+ 3a) + eb(3bx+ a)
(b2x2 + 2abx+ e)3/2
< cε − 1
n
<
2(n− 1)
n(n+ 2)
.
This proves inequality (i).
Setting f(x) = ϕ˚ε(x)(ϕε(x) − n+ 3)− xϕ˚′ε(x)(ϕε(x) + n+ 3), we get
f(x) = e+ dε(dε + 3− n) + (2 + ab+ cε(dε − 2n))x
−(b2x2 + 2abx+ e)− 12 ×
[(3ab(dε + 1− n) + cεe)x+ b(acε + b(dε − 2n))x2 + e(2dε + 3− n)].
Then we figure out
lim
x→+∞
f(x) =
a2cε
b
+ dε(dε + 3− n) + a(n− 3− 2dε) + e
(
1− cε
b
)
= 2(n− 1) + 2ε(n
2 − 10n+ 13 + 3ε(n− 3) + 2ε2)
n− 1 + ε + e
(
1− cε
b
)
< 2(n− 1),
and
f ′(x) = 2 + ab+ cεdε − 2cεn− (b2x2 + 2abx+ e)−3/2 ×
[(3a2b2(dε + 1− n)− 3be(b− acε + bn))x
+b2(acε + bdε − 2nb)x2(bx+ 3a)
+cεe
2 + abe(dε − 2n)].
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Then we have
lim
x→+∞ f
′(x) = 2 + ab+ cεdε − 2cεn− acε − bdε + 2bn = 0.
Furthermore, we get
f ′′(x) = [b(2b+bdε−acε)x2+(ab(1−n+dε)−cεe)x−(n+1)e] 3b
2(a2 − e)
(b2x2 + 2abx+ e)5/2
.
From b 6 n−34n−4 , we obtain
2b+ bdε − acε = (4 − 2ε)b− 2
√
(n2 − 4n+ 3)b
n− 1 + ε < 0,
and
1− n+ dε = 3− n+ 2
√
(n2 − 4n+ 3)b− 2ε < 0.
So, we get f ′′(x) < 0. Then we have f ′(x) > 0. From this we deduce that
f(x) < lim
x→+∞
f(x) < 2(n− 1).
Thus, inequality (ii) is proved.
We have
ϕ˚ε(x)− xϕ˚′ε(x) = dε −
abx+ e√
b2x2 + 2abx+ e
> dε − abx√
b2x2
− e√
e
= 2− 2ε− 4√ε.
This implies inequality (iii). 
For each integer n > 6, we define the function ψ : [0,+∞)→ R by
ψ(x) := ν + κx−
√
λ2x2 + 2λµx+ ν2,
where κ = λ+ 1n−1 , λ =
3
n3−4n2+3 , µ = ν +
3
n , ν =
9
n2−3n−3 .
Lemma 7.3. The function ψ satisfies the following inequalities.
(i) 1n 6 ψ
′(x) < 1n−1 ,
x
n 6 ψ(x) 6
x
n−1 , and the equalities hold if and only x = 0,
(ii) maxx>0(2xψ
′′(x) + ψ′(x)) < 3n+8 ,
(iii) 3ψ(x) − 3xn + (ψ(x) − xψ′(x))(ψ(x) + n) 6 0, and the equalities hold if and
only x = 0,
(iv) 0 6 xψ′(x) − ψ(x) < 2.
Proof. Taking derivatives, we get
ψ′(x) = κ− λ
2x+ λµ√
λ2x2 + 2λµx+ ν2
,
ψ′′(x) =
λ2(µ2 − ν2)
(λ2x2 + 2λµx+ ν2)3/2
,
ψ′′′(x) = − 3λ
3(µ2 − ν2)(λx + µ)
(λ2x2 + 2λµx+ ν2)5/2
.
(i) We have ψ′(0) = κ − λµν = 1n and limx→+∞ ψ′(x) = κ − λ = 1n−1 . Since
ψ′′(x) > 0, we get 1n < ψ
′(x) < 1n−1 for x > 0. Thus we obtain
x
n < ψ(x) <
x
n−1
for x > 0.
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(ii) Letting g(x) = 2xψ′′(x) + ψ′(x), we have
g(x) = κ− λ
4x3 + 3λ3µx2 + 3λ2ν2x+ λµν2
(λ2x2 + 2λµx+ ν2)3/2
,
and
g′(x) = 2xψ′′′(x) + 3ψ′′(x) =
3λ2(µ2 − ν2)(ν2 − λ2x2)
(λ2x2 + 2λµx+ ν2)5/2
.
Thus we get
max
x>0
g(x) = g
(
ν
λ
)
= κ− λ
√
2ν
µ+ ν
=
n(n− 3)− 3
√
6n
n2+3n−3
n3 − 4n2 + 3
<
3
n+ 8
.
(iii) We have
3ψ(x)− 3x
n
+ (ψ(x) − xψ′(x))(ψ(x) + n)
=
[
ν(n+ 3 + 2ν) +
(
λµ+ 3κ+ κν − 3n
)
x
]
−λ(κµ+ 3λ+ λν)x
2 + (κν2 + λµ(n+ 6 + 3ν))x+ ν2(n+ 3 + 2ν)√
λ2x2 + 2λµx+ ν2
.
Set
h(x) :=
[
ν(n+ 3 + 2ν) +
(
λµ+ 3κ+ κν − 3n
)
x
]2
(λ2x2 + 2λµx+ ν2)
−[λ(κµ+ 3λ+ λν)x2 + (κν2 + λµ(n+ 6 + 3ν))x+ ν2(n+ 3 + 2ν)]2.
Now we need to prove h(x) 6 0. Since κ = λ+ 1n−1 , µ = ν +
3
n , we have
λµ+ 3κ+ κν − 3n = κµ+ 3λ+ λν.
Putting A = κµ+ 3λ+ λν,B = n+ 3 + 2ν, C = κν2 + λµ(n+ 6 + 3ν), we get
h(x) = (νB +Ax)2(λ2x2 + 2λµx+ ν2)− (λAx2 + Cx+ ν2B)2
= 2λA(µA+ λνB − C)x3
+[ν2(A− λB)2 + 4λµνAB − C2]x2
+2ν2B(νA+ λµB − C)x.
By the definitions of κ, λ, µ, ν, we have
µA+ λνB = νA+ λµB = C,
and
ν2(A− λB)2 + 4λµνAB − C2 = − 81(n
3 − 12n+ 9)2
n2(n− 1)2(n2 − 3n− 3)4 < 0.
Thus, inequality (iii) is proved.
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(iv) It follows from inequalities (i) and (iii) that ψ(x) − xψ′(x) 6 0. By direct
computations, we get
xψ′(x)− ψ(x) = −ν + λµx + ν
2√
λ2x2 + 2λµx+ ν2
6 −ν + λµx√
λ2x2
+
ν2√
ν2
= µ < 2.

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